When further cooling it down from T r to T b,min , the device must also obey the Carnot limit for a cooling engine, where the maximum amount of removed heat CdT b with respect to the external work dW ' is
Combining the two processes by recycling the work W harvested during stage (i) to 100% and using it for the subsequent cooling of C in stage (ii) yields with W = W ' an implicit equation for T b,min (see Fig. S1C ) 
Section S2. Two finite bodies with different temperatures
If we ascribe a heat capacity 2C to each of the bodies, the corresponding amounts of exchanged heat are ɺ Q b = 2C ɺ T b and ɺ Q r = 2C ɺ T r , respectively. Combining these quantities with the Eqs. 1 by eliminating both T b and T r , we obtain the nonlinear differential equation for I(t) In the limit for I(t) of a damped harmonic oscillator but with T r replaced by T .
Section S3. Effect of a finite resistance R s in series
In a real experiment, cables and/or the use of a normal conducting coil will contribute to the circuit with a finite electrical resistivity R s in series in addition to the internal resistance R of the Peltier element (see inset of Fig. 4A ). In the case of a finite heat capacity connected to a thermal reservoir, Eq. 2 then becomes
If we again restrict ourselves to ∆ 0 = T b (0) − T r << T r the last two terms are negligible because with Eq. 1a, (
<< αT r I , resulting in the same Eq. 3 for a damped harmonic oscillator, but with the R replaced by R + R s .
Section S4. Analogy to a "thermal inductor"
Thermal circuits can be mapped onto electrical circuits by replacing the thermal conductance with an electrical conductance, heat capacities with electrical capacitances, and temperature differences with voltage differences ∆V . The resulting differential equations for the heat Q and heat currents I th = ɺ Q , or charge and electric currents I, respectively, turn out to be equivalent.
sense, to fulfill the proportionality between the time derivative of the thermal current ɺ I th = ɺɺ Q and the resulting temperature difference ∆T in an analogous way to L ɺ I = −∆V , so that L th ɺ I th = −∆T , where the unit of L th is 1 Ks 2 /J.
We consider the case of a finite body in thermal contact with an infinite thermal reservoir as shown in Figs. 1A and 1B in the main text. We again assume that the temperature variations are sufficiently small so that T b (0) − T r = ∆ 0 << T r , and that we have perfect electrical conductors with R = 0 and negligible Joule heating. In analogy to an ideal resistanceless electric coil, we also assume perfect thermal insulation between both ends of the "thermal inductor", i.e., with no thermal leakage current in parallel due to a finite thermal conductance k. We then obtain with Eqs. 1a, 1b, k = 0, R = 0 and ∆T = T b − T r
The analogy L th ɺ I th = −∆T holds if the first summand on the right side of Eq. S6 is negligible, and we then have (17)
To fulfill this condition for an arbitrary variation of the electric current with time, I(t)
For ∆ 0 << T r this is fulfilled all the time in most conceivable cases where the variations in T b (t) are of the order of ∆ 0 << T r , e.g., for f (t) = γ t , f (t) = exp(−t /τ ) , or f (t) = 1 − exp(−t / τ ) . In this sense, it is justified to interpret the present circuit as the equivalent of a "thermal inductor". For oscillatory functions where ɺ f (t) temporarily vanishes while ɺɺ f (t) remains finite as in our case of a damped oscillation of f (t), the condition Eq. S8 is momentarily violated, but it is still respected most of the time as a result of the exponential decay of the oscillating electric current, and ∆ 0 << T r .
In this sense, we can re-write Eq. 3 in the main text in terms of only thermal quantities, e.g., for the thermal current I th = ɺ Q r L th C ɺɺ I th + ( C Z T k + kL th ) ɺ I th + ( 1 Z T +1)I th ≈ 0.
It is analogous to that of an electric LCR circuit with two dissipative elements, one switched in series ( R / α 2 T r ) and one in parallel (1/k) to L th . 
